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Maxwell Capacitance Matrix Reduction with 3-Conductors Example

The blue numbered ellipses are conducting objects in space.

BotGndPlane

This three-copper-plate Q3D example is used to simulate
the various matrix reduction operations described here.

For additional discussion and reference, please see:

Circuit Matrix Reduction Operations
by J. Eric Bracken.

and

Matrix Reduction Operations In Q3D
By Greg Pitner

and the Q3D Extractor online Help
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Ground at Infinity in Electrostatics

The notion of ground-to-infinity can be found

in the physics treatment of field lines from The Cyy capacitors indicate stray capacitances to infinity,
an electrical charge. represented by the grey sphere.
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If the positive charge is isolated in space, 7\ 33
one can consider the field lines to ground

at infinity.

These blue numbered ellipses and the capacitors will be
utilized in describing a capacitance matrix.
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Three Conductors and Two-Terminal Capacitances

Q=Cv —

The charge on any one of the nearby conductors depends on

\( the voltages on all the conductors. Using the equation Q = Cv,
the total charge Q; on the k" conductor, with voltage v}, can
sz be expressed with two-terminal capacitances:

Qq = Ci1v1 + Ci2(vy — v3) + Ci3(vy — v3)
Q2 = Ci2(v; —v1) + Cav, + Cr3(vy — v3)
Q3 = C13(v3 — v1) + Cr3(v3 — v,) + C33V3

Charged conductors represented by The voltage across a given capacitor is the difference in
their two-terminal mutual and self- voltages between two conductors. Each conductor has one
capacitances. The outer circle capacitor connected to the ground at infinity; the voltage
represents ground at infinity. across that capacitor is the voltage of the conductor.
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Rearrange Mutual and Self-Capacitance Terms by Voltage

Qq = C1v1 + C(vy — vy) + Ci3(vy — v3)
Qy = C12(vy —vq) + Crv; + Co3(vy — v3)
C,, Q3 = C13(v3 — vq) + Cr3(v3 — ) + C33V3

The equations for charge in terms of two-terminal mutual
capacitance can be rearranged to group like voltages:

Q1 = (Cy1 + Ci3 + C13)vy — C1v, — C1373

Qz = —Ciov; + (Cyq1 + Cyp + Cy3)V, — (373

Charged conductors represented by their
two-terminal mutual capacitances. The
outer circle represents ground at infinity. Q3 = —Cy3v1 — Cy3v5 + (C13 + Cy3 + C33) V5
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The Maxwell Capacitance Matrix

This new arrangement of the capacitance terms
leads to the Maxwell capacitance matrix.

Ci1 Ciz C5] [Ciy + Cip + Cy3
Clz G2 (3= —Cy,
ct och o ckl | —C13

Maxwell capacitance matrix

The Maxwell capacitance matrix describes
the relationship between the total charge
on each conductor and the conductor
voltages (measured with respect to the
ground at infinity.)

Qq = (Cy1 + Cy3 + Cy3)vy — Cpv; — Cy3703
Q2 = —C1ov; + (Cyp + Cyp + Cy3)v — Co3v3
Q3 = —Cy3v; — Cy3v, + (Cy3 + Ca3 + C33) 03

—C12 —C13 -
Cip + Gy + (o3 —Cy3
— (33 C13 + C33 + (33

These are expressions for the Maxwell self and mutual
capacitances in terms of the two-terminal capacitances.
Two-terminal capacitances are used in circuit simulations.

_Ql_ _C% C% Ci3| vy
Q:|=|ct c¥ X lvz]
103 cM oc¥ chflVs
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Maxwell and SPICE Capacitance Matrices

Q3D can display both the Maxwell capacitance matrix and a SPICE
capacitance matrix. The SPICE capacitance matrix is the matrix of
two-terminal mutual and self capacitors.

BotGndPlane

M M M
Ci1 Ci2 Ci3 Ci11 Ci2 Ci3
M M M
ClZ CZZ 623 C12 CZZ CZ3
M M M
613 C23 C33 ClS CZS CSS
[ ———————— 1 ,( _________________ ]
[~ Conductance  Units: |mSie v | }|MaxwellMatrix ! [~ Conductance  Units: |mSie v|  1|Spice Matrix |
1 1 N e o o e e o e B B e e 7/
lv Capacitance Units: |pF ﬂ ‘Origmal ﬂ |v Capacitance Units: ‘pF ﬂ ‘Origmal ﬂ
[ Self Terms [ Self Terms
View |Format‘ Passivity Exporﬂ View ‘Format| Passivity Export}
BotGndPlane | LargePlate | SmallPlate BotGndFlane | LargePlate | SmallPlate
Freq: 2GHz Freq: 2GHz
BotGndPFlane 0.35633 -0.12636 -0.07063 BotGndFlane 0.15934 0.12636 0.07063
LargePlate -0.12636 018251 -0.01422 LargePlate 0.12636 0.04193 0.01422
SmallPlate -0.07063 -0.01422 0.10507 SmallPlate 0.07063 0.01422 0.02022
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Maxwell Capacitance Matrix Column Sums

In a given column of the Maxwell capacitance matrix, the terms
sum to the Cyy term, minus the stray capacitance to infinity.

_________________

(
[ Conductance  Units: ImSie v | [Mamell Matrix v ||
1 1
Mommoomeooooooo- / BotGndPlane
v Capacitance Units: |pF ﬂ ‘Origmal ﬂ
[ Self Terms

View |Format‘ Passivity Export‘

BotGndPFlane | LargeFlate SmallPlate

Freq: 2GHz The capacitance matrix default is
BotGndPlane 0.35633 -0.12636 -0.07063 ground to |nf|n|ty
LargePlate -0.12636 0.18251 -0.01422
SmallPlate -0.07063 -0.01422 0.10607
-~ M M 1T _
Ci1 Ci2 (i3] [Ciq 4+ Cip + Cy3 —Cy; —Cs3
M M M|_ _ _
Ci2 (G (3= C12 Cip + Cyp + Cy3 Cy3
M M M —C —C Cin+Cor +C
Ci3 C53 C33] L 13 23 13 23 33
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Ground at Infinity in Q3D Online Help - Float at Infinity

'

If the positive charge is isolated in
space, one can consider the field
lines to ground at infinity.

Formulation of the Capacitance/Conductance Solution

The electrostatic potential o produced by a distribution of charges P on a surface S is given by the

integral equation

(1)

r o p(x)

— 8
4melx -3

d(x) =

=
r
]
[

Here the operator Il above denotes the Euclidean length of a vector. The above equation is
based upon an implicit assumption that the potential will go to zero as the distance between the
source and observation points goes to infinity. This assumption can be relaxed by applying the
Floating at Infinity matrix reduction operation as a post-processing step.

The assumption of ground-to-infinity is discussed in the Q3D Online Help,
under Q3D Extractor Technical Notes, in the section on the
Capacitance/Conductance (CG) Solution Process.
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Maxwell Capacitance - Float at Infinity

Float at Infinity disconnects the circle from ground at infinity; the
Cnn Capacitors still connect to one another at the sphere with
unknown voltage Vy. The matrix is still the same dimension.

M M M
Ci1 G2 Ci3| [Ciq 4+ Cip + Cy3 —C12 —C13
ch CY Ch= —Cy; Cip + Cyp + Co3 —Cy3
M M M | —
Ciz Cy3 (35 C13 C23 Ci3 + (o3 + (33
C(CptCs3) } C11Ca ) C11C53
G tCprCy 27 A\“nTE T s e 7o,
1 TG T 0y 11 T Cap T Cs;3 11 T Cap T C5;
c,.C., Cor(C +Co) C,.C..
_(CIE T — ) ——————+ (), + Oy _(C?_a T —— )
Cp 0+ Gy Cp 70+ O3 Cp T+ Gy

The node x voltage Vy is
determined by the charge. _(CH +

C11Cs;3 ) (C N CpyCis; ) C33(Cp +Cy)
| ~23

C,,+C,,+C C,,+C,,+C C rCoic. (uTlxs
11+ Cnt Gy 11+ Cn*Cs; 11+ Cnt Gy

In columns of the Maxwell capacitance matrix, with Float at Infinity Matrix Reduction
operation applied, the non-diagonal terms sum to the diagonal term within a margin of error.
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Maxwell Capacitance - Float at Infinity

Float at Infinity disconnects the ground at infinity; the Cypn
capacitors still connect to one another at infinity with voltage
Vy, a dependent variable determined by charge on the other

conductors.
[~ Conductance  Units: [mSie - | Ih’laxwell Matrix v | [ Conductance  Units: [mSie - | Ih’larwell Matrix v |
lv Capacitance Units: |pF ﬂ |Drig|na| ﬂ v Capacitance Units: |pF ﬂ |FlﬂatlnﬁnityMatrixﬂ
[ Self Terms [ Self Terms
View Format‘ Passivity ENPD“| View FDrmat‘ Passivity Expc:rt|
BotGndPlane | LargePiate | SmallMiate BotGndPlane | LargePlate | SmallPlate

Freq: 2GHz Freq: 2GHz

BotGndPlane [ 012636 -0.07063 BotGndPlane  |0.24170 -0.15653 -0.08518

iz b ez 016251 iz LargePlate 015653 0.17458 -0.01805

ZkllAl il ofnee - LI0S07 SmallPlate -0.08518 001805 010323

After the Float at Infinity Matrix Reduction operation is applied, the non-diagonal terms get larger and the
diagonal terms, representing the Cyy self-capacitance terms, become smaller.
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Parallel Plate Capacitance - Float at Infinity

The best approximation of the capacitance of an ideal
parallel plate capacitor would be to use Float at Infinity.
This disconnects everything except the mutual capacitance
between the two plates.

[ Conductance Units:  |mSie hd ISpice Matrix LJ
[v Capacitance Units:  |pF hd FloaﬂnﬁnityMa' [~ Conductance  Units: [mSie - Spice Matrix  |od
[ Self Terms [V Capacitance  Units: |pF ~|  |original |
View meatl Passivity | Export [~ Self Terms
View |Format| Passivityl Exportl
Bottom Top
Freq: 2GHz pmmmmmmmee \ Botom | Top |
i Freq: 2GHz
Bottom ‘ i11. i
QQ_U_UPP___E_Lj_E}_’-IE_: Bottor 225947  10.33309
TDFI 11.46345 EI]I]I]I]EII] Top 1033309 226198
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Capacitance Matrix Reduction - Ground Net

For a Maxwell capacitance matrix, the matrix operation Ground Net... on
conductor 3 connects conductor 3 to the infinite ground, keeping the
conductor 3 potential at ground. The capacitors C12 and C13 are now
connected (grounded) to ground-at-infinity instead of to conductor 3.

C1 Cly K (C11 + Cip + Ci5 —C1, —U3
Ciy Cy 0= —C12 Ci2 + Cyp + Cy3 — (b3
_% % %_ | Cld Céd Cld : C

An entire row and column disappear from the capacitance matrix, giving
us a 2 x 2 matrix, but the C;3 and C,3 capacitors do not go away.

ground at infinity

1 Cis _ [C11 + C12 + (i3 —C13
—C13 Cip + Cyp + Co3
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Capacitance Matrix Reduction - Ground Net Simulation Results

[ Conductance Units: [mSie ﬂ [Maxwell Matrix ﬂ
[v Capacitance Units: ‘pF ﬂ ‘Driglnal ﬂ
[ Self Terms

View ‘Format| Passivity Export|

BotGndFlane | LargeFlate | SmallPlate
Freq: 2GHz C11 + C12 + (:13 _612 —C13
lEimGndPIane 0.35633 :EI_.1_2_E_3_E_____:IZLI1?_EI_B_3_ _C C‘ + C‘ + C _C
LargePlate -0.12636 | 0.18251 -IZI.IZI14ZEE C12 12 62,2 23 C, C 23 C
SmallPlate -0.07063 | 001422 0.10507 | -~ -13 -~ v23 13 T (23 (33
[ Conductance  Units:  [mSie ~|  |MewelManx ~] - After performing the Reduce Matrix > Ground Net operation on
v Capacitance  Units: |pF ~|  iGroudnemanx »|  the largest conductor BotGndPlane, an entire row and column
[~ Self Terms disappear from the capacitance matrix, giving us a 2 x 2 matrix.

View ‘Format|Passivity Export|

LargePlate | SmallPlate ‘

Freq: 2GHz [Cll T C12 T C13 _C12
LargePlate 0.18251 -0.01422 _612 ClZ + CZZ + 623
SmallPlate -0.01422 010507
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Return Path Performs Float at Infinity Then Ground Net

This drawing and technical background come from:

Circuit Matrix Reduction Operations WilhETEee caEh GarE e

by J. Eric Bracken. | T vy’ - was originally connected
.b{ to ground-at-infinity, the
2 - Reduce Matrix > Return
Path operation performs a
Float at Infinity operation

i Iy Iy :
¢ '¢ ) i i as a first step.
+ + + |Y + Y+ -
V1 Vo V3 1 V) V3 ¢
‘ ‘ ‘ T e e T R iy =~ 1)
- - - = - - |
1 1
1 1
: :
\emmmmmmemmeeeeeeeeeeeeeee ’ The Reduce Matrix > Return
Figure 11 A return path reduction operation. In this case, conductor 3 is being taken as the Path operation performs a
return path for the other conductors. Notice that the negative reference node for Ground Net operation.

defining the branch voltages has also been changed.
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Capacitance Matrix Reduction - Float Conductor

Floating a conductor (Float Net in Q3D) infinity removes the voltage
source (which we rarely or never show) that puts 1 volt on each of the
conductors in the example system. No capacitors are removed from
the picture.

If we float conductor 3, there is no applied voltage to place charge on
conductor 3 and the charge on conductor 3 equals zero. The voltage
on conductor 3 results from the remaining mutual capacitances to
conductors 1 and 2. V; becomes a dependent variable, and we get a 2
X 2 matrix.

1. When we float a conductor, the self-capacitances of the remaining
conductors decrease.

2. The coupling capacitances between the remaining conductors will
increase.

Not driving a conductor with voltage allows its
capacitors to interact with the other capacitors o . . .
from nodes that do have voltage impressed. Circuit Matrix Reduction Operations

by J. Eric Bracken.

For additional discussion and reference, please see:
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Capacitance Matrix - Float Conductor Simulation Results

The SmallPlate conductor was
floated in this example.

[~ Conductance  Units: |mSie - | \Maxwell Matrix v | | Conductance  Units: |rr'|Sie v |Mame|lMalrix v
lv Capacitance Units: |PF ﬂ ‘D“Q'”al ﬂ v Capacitance Units: |pF - IFIﬂatNeﬂ'ﬂatrix'I! w

Self T
| Self Ters m

View |F0rmat|Passivity Exportl

View FDrmat|F’assivity Expc:rtl

BotGndFlane | LargeFlate | SmallPlate
Freq: 2GHz BotGndPlane | LargeFlate

..... — AL L L L LN £ e
BotGndPlane  !|0.35633 | E-EI.12535 i 1-0.07063 E Freq: 2GHz

= = Pl a4 1
LargePlate 1-0.12636 E 10.18251 1 -0.01422 i BotGndPlane 0 30885 - -0.13592
1 piniepabsieiel Bl  Snipfinl i ) e e

Smallftate (007063 ; 0042z | 010507 LargePlate -0.13592 ' 0.18058 -

Coupling capacitances are smaller in this
original capacitance matrix than the two -
0.13592 values in the FloatNet matrix.

Self-capacitances are slightly smaller than in the
original capacitance matrix.
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Capacitance Matrix Reduction - Join in Parallel - Same Voltage

In a conductance matrix, joining conductors in parallel means
setting both conductors to the same voltage. This has the
effect of short circuiting the capacitor between them and
placing other capacitors in parallel.

Removing a capacitor yields a 2 x 2 matrix.

Ci1 + Cip2 + Ci3 —Cy —Cy3
—C13 Ciz2 + Cyp + Cy3 —Cy3
—Cy3 —Cy3 Ci3 + Cy3 + C33

We can see in the matrix how C11 and C13 are added
in parallel. C33 and C23 are added to the lower right
value where C23 has disappeared.

ijoin in Ptaralle! Mgtrix Reduc(:jtion [Clﬂ/{ Cll‘/é] 3 [C11 + C1p + Cq3 —(Cy5 + C13) ]
oes not require Sources an =
Sinks in theqdesign. Cll\g CZI\% ~(Ciz + C13) Coz + (33 + Ci2 + (y3
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Join in Parallel Matrix Reduction Simulation Results

In this example, LargePlate and

M M
SmallPlate were joined in parallel. Clzv} Cll\; — (11 + Ciz + (o3 (Ciz + Ci3)
Ciz €35 —(C12+ Ci3) Gy + C33+ Cip + (i3
[ Conductance  Units: | mSie | [MawelMatix v | | Conductance  Units: |mSie |Maxwell Matrix v |
v Capacitance  Units: |pF ~|  |original - _ | rr=ms==smsocon
\v Capacitance Units: ‘pF ﬂ :|J0|nParaIIeIMatr|;ﬂ
[ Self Terms
| Self Terms
View |Format| Passivity Exporll
View |F0rmat| Passivity Export]
BotGndPlane ‘ LargePlate | SmallPlate
Freq: 2GHz BotGndPlane omallPlate
BotGndPlane 0.35633 -0.12636 -0.07063 Freq 2GHz
.LargePIate -El-liggﬁ-.i 0.18251 -0.01422 BotGndPlane 0.35633 -0.19699
1 S —— ~
el el I e SmallPlate 1019699 0.25914
_______ 1
Ci1 + Cip + Cy5 —Cy —Cy3 The above capacitance -0.19699 for SmallPlate
—C Cirn+ Cor + C —C to BotGndPlane is about the same as the sum of
12 12 22 23 23 :
—C _C Cowt Com+C LargePlate and SmallPlate to BotGndPlane in
13 23 13 23 33

the Original matrix to the left.
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I Join in Series Matrix Reduction Requires Terminals

Project Manager 2 X §=-% Model
= . MSbX_Q3D_3 El l.; Solids
= & 3_Q3D_MSbend_Sw =4 copper
. g5 3D Components - @ TraceXC
@ Model - ®-@ TraceYVp
=& Boundaries 2 8 FR4_epoxy
i g4 ThinCond1 &P Box1
B3~ Nets . =03 Sheets
&2, Gnd ;
e -3, GndSinkXp E] S!gnalNet
| @ GndSrcYp E]EI Sink
8-3. TraceXC &3 Source
@ 3. Tracevp =-la Coordinate Systems
@@ Mesh %, Global
= [H] Reduce Matrix -4 Planes
- [H] original - Lists
=P Analysis
B SetupiGHzl
3 -} MSbX_021GHz
@ Optimetrics
&1 Results
- C MR Traod This simulation has terminals on all three Nets. Join in Series
L ;,“e],:gt;;t;': Flot Matrix Reduction requires Sources and Sinks be connected.
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