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Sources

The material presented herein is from the following sources:

“Elements of Electromagnetics,” by Matthew N.O Sadiku, 5t ed. (2010)
“Engineering Electromagnetics,” by Nathan Ida, 3™ ed. (2015)
“Microwave Engineering,” by David Pozar, 4" ed. (2012)



Why talk about transmission lines?

Electrically large circuits require more advanced analysis techniques than those taught for electrically-small systems.

Consider the following circuit diagram:

By conventional circuit theory (under the electrically-small-system assumption),
closing the switch will instantly result in the voltage V appearing across the resistor R.
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Why talk about transmission lines?

Electrically large circuits require more advanced analysis techniques than those taught for electrically-small systems.

electrically
long transmission
line

But suppose you have...

. SWitch

If the switch is far away from the load, then closing the switch will not instantaneously
result in the voltage V appearing at the load. Rather, there will be a delay as the signal
is transmitted down the line.
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The Telegrapher’s Equations

Electrically large circuits require more advanced analysis techniques than those taught for electrically-small systems.

Let us look closely at a section of transmission line, of length A€, where Af is electrically
small (A€ << A)

Af




The Telegrapher’s Equations

Electrically large circuits require more advanced analysis techniques than those taught for electrically-small systems.

So, each piece of the long line has an inductance-per-length L and a capacitance-per-
length C, which may be modeled as shown above.

Note that the total capacitance of this length A¢ of
transmission line is CA#, and the total inductance is LA?.
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The Telegrapher’s Equations

Electrically large circuits require more advanced analysis techniques than those taught for electrically-small
systemes.

In the most general case, the line may also have resistive losses, which can be added
to the model as:

AP
(zt) RAL - LAL I(z+AL 1)
—AAA—Y YN 5
+ +
V(z,t) GA! CAl —— V(z+Alt)

Note that here, the total series resistance of this length A? of
transmission line is RA?, and the total shunt conductance is GA?.
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The Telegrapher’s Equations

Electrically large circuits require more advanced analysis techniques than those taught for electrically-small systems.

This system has input voltage V(z,t), input current I(z,t), output voltage V(z+A4,t)
and output current I(z+A4,t).

%4
RA! LA (Z+AL)
>

+) WYY\ -

V(z,t) GA! CAt ——  V(z+ALt)

Since we have assumed that Af is electrically small, we can analyze this circuit using
normal circuit analysis.
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The Telegrapher’s Equations

Electrically large circuits require more advanced analysis techniques than those taught for electrically-small systems.

I(z+A4,t)
> +
CAM == V(z+AL)
Using Kirchoff’s voltage law, we can write:
di(z,t) —
V(z,t) — RACI(z,t) — LAY —V(Ez+ALt)=0

dt
which can be rearranged to show:

V(iz+ AL, t) —V(zt) Ll dl(z,t)
Af dt

+ RI(z,t) =0

and, taking the limit as A¢—0, this becomes the spatial derivative:

dV(z,t) dl(z,t)
iz Tl Ta

+ RI(z,t) =0
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The Telegrapher’s Equations

Electrically large circuits require more advanced analysis techniques than those
taught for electrically-small systems.

Af
(zt) RAL LA Izt
—S AN —— —
V(z,t) GM§ CM == V(z+AL})
Similarly, by Kirchoff’s current law: 57
dV(z + A¢,t)
I[(z,t) — GALV (z + AL, t) — CAY 7 —I(z+Al,t) =0
which can be rearranged to show:
I+A60) -1z  VEHALD o
AP dt S
and, taking the limit as A0, this becomes the spatial derivative: dl(z,¢) +C gl +GV(z,t)=0
dz dt '
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The Telegrapher’s Equations

Electrically large circuits require more advanced analysis techniques than those taught for electrically-small systems.

L
dz T dt

@ dV(z,t) dl(z,t) FRIGE) = 0

@ dl(z,t) CdV(Z, t)

17 i I +GV(z,t) =0

These are the telegrapher’s equations, which relate voltage and current along a

transmission line. electrically long

transmission line
switch /




The Wave Equations

The Telegrapher’s Equations may be used to derive the wave equations for voltage and current along a transmission line

A wave equation relates a quantity’s second derivative
in time to its second derivative in space.

Current and voltage on a transmission line may be described using wave equations, which can be derived from the

telegrapher’s equations as follows:

dl(z,t) : dV(z,t) V(D

dV(z,t) dl(z,t)
@ R ) @ dz = dt

d d*l(z,t) _ _d*V(zt) dv(z,t)
E@ > dzdt ¢ dt? G dt

d d?V(z,t) d?1(z,t) dl(z,t)
E@ . 2 - rgar R4

d?V(z,t) d?V(z,t) dV(z,t) dV(z,t)
T: —L [—CT— G 1t ] —R[—C 1 — GV(Z,t)]

sz(z t) d?V(z,t) dV(z,t) Wave equation
— 5= =L0——5—=+ (L6 + RO—— = +RGV(z,0) for voltage
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The Wave Equations

The telegrapher’s equations may be used to derive the wave equations for voltage and current along a transmission line.

A wave equation relates a quantity’s second derivative
in time to its second derivative in space.

Current and voltage on a transmission line may be described using wave equations, which can be derived from the
telegrapher’s equations as follows:

@ dVC(lz, t) _ dlilzt, t) _RIG0) @ dlilzz, t) _ dVC(;, t) V(D
£@ — Do s
L@ —» LD, OG0 e
dzcll(ZZZ, t) _ [_ d2(11(zz t) dIElzt, t) . [—L dli: t) _RICz, t)]
d21(z t) _Ic d2;(zz t) + (LG + RO) dlElz t) FRGIZ ) | =P ]\c/g/f\éiﬁztr::tion
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The Wave Equations

The Telegrapher’s Equations may be used to derive the wave equations for voltage and current along a transmission line.

dz? dt?

d?V(z,t d?V(z,t
(z,t) —IC (z,t)

dV(z,t)
dt

+ (LG + RC)

+ RGV (z,©)

This is the wave equation for voltage, which relates its
second derivative in time to its second derivative in

space.

dz?

d?I(z,t
dHA)

d?I1(z,t)
dt?

+ (LG + RC)

dl(z,t)
dt

+ RGI(z,t)

This is the wave equation for current, which relates its
second derivative in time to its second derivative in
space.

Note that the wave equations for voltage and current are identical. These differential
equations will also have identical solutions.
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Lossless Transmission Lines

For a lossless line, the telegrapher’s equations and wave equations can be simplified.

On a lossless transmission line, the series resistance vanishes (R=0), and the shunt
conductance vanishes (G=0). For this case, the telegrapher’s equations become:

dv(zt) 7 dl(z,t) di(z,t) : dV(z,t)
dz dt dz dt

The Lossless Telegrapher’s Equations
\—

and the wave equations become:

d?V(z,t) _ic d?V(z,t) d?I(z,t) _ic d?I(z,t)
dz?2 dt2 dz2 dt?

The Lossless Wave Equations
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Wave Equation Solutions

Current and voltage will propagate on the line according to the solutions to the wave equations.

We will assume that both voltage and current are time-harmonic (~ e/®t). In other
words, we assume that:

V(z,t) = V(z)el®t
[(z,t) = I(z)e/t

This allows us to write the wave equations as:

d*V(z) ... , ot . .
de el = — LCV(Z)e]“) +]CU(LG +RC)V(Z)81(‘) +RGV(Z)€JC‘)

d?I(z) . _ | | |

Or, by rearranging:

d*V(z
dz(z ) =V (2)[RG + jw(LG + RC) — w?LC]

d?I(z
dz(z ) _ 1(2)[RG + jo(LG + RC) — w?LC]
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Propagation Constant

We will pause here to define the complex propagation constant

The complex propagation constant y is defined as:

v2 = RG + jw(LG + RC) — w?LC  Or y = RG + jw(LG + RC) — w?LC

We will also define the attenuation constant @ and the lossless propagation
constant fas the real and imaginary parts of y, respectively.

y=a+jp
-
Note that, in the lossless case,
Yy = jwVLC
=a+jp
where =JP

a=0

- and f = wVLC
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Wave Equation Solutions

Current and voltage will propagate on the line according to the solutions to the wave equations.

Using our definition of the complex propagation constant, we can rewrite the wave
equations as:

d2v
2=y
d?1
2 =y

which are differential equations with solutions of either sines and cosines or complex
exponentials. We will choose to use complex exponentials.

V(z) =Vie "2+ V;etr?

I[(z) =1Fe V% + 15etY=

where V, VS, I¥, and IS are variables corresponding to magnitude.
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Wave Equation Solutions

Current and voltage will propagate on the line according to the solutions to
the wave equations.

V(z) =Vie V2 +V;etr? I[(z) =1Fe V% + I5etV=

Each of these solutions consists of two terms. The terms including e”Y% propagate in
the +z direction (forward propagation), and the terms including e*¥# propagate in

the =z direction (backward propagation).
_— Z

forward propagating wave V5 etV? [5etr?
R ——
backward propagating wave
Ve V4, 1te V2 —

The total voltage on the transmission line is the sum of the forward-propagating part and the
backward propagating part.

The total current is similarly the sum of the forward and backward propagating terms.
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Wave Equation Solutions

Current and voltage will propagate on the line according to the solutions to the wave equations.

Recall: we said earlier that .
V(z,t) =V(z)e/®t

[(z,t) = 1(z)e/t
so our total solutions for voltage and current are:
V(zt) = VieVelot 4 Vyetrzeot
[(z,t) = 1}e VZel®wt 4 [JetrZelwt

but this is commonly written in phasor form, which suppresses the harmonic term:

V(z,t) = Vie V% + VyetV? = Ve ®e b2  V-et@Zetibz

[(z,t) =1}e V2 +15etV? = [fe *e b2 4 [ etaZetibz

or it may be written equivalently in the time domain:

V(z,t) = Vie *cos(wt — Bz) + V5eT*cos(wt + Bz)
I(z,t) = 1fe %cos(wt — Bz) + I;et*cos(wt + f2)
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Characteristic Impedance

The ratio of voltage to current at any point along a transmission line is fixed by the characteristics of the line.

Let us look at just the forward-propagating components of voltage and current, in

phasor form:
V(z,t) =Vie 7

I(z,t) = [eY?

and recall the first of the telegrapher’s equations:

dz dt
We can combine these equations as follows:

dV(z,t) _ dl(z,t) _RIG)

d d
7 [Voe %] = —L I [I§e7"*] — R[Ige™"%]
—yVFe V% = —jwLlfe™? — RIfe™7%

which can be rearranged to give the characteristic impedance, defined by:

, Vg jwL+R _ jwL + R _ |R+jwl
N b y JRG + jw(LG + RC) — w?LC 4G +jwC
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Wave Impedance

The ratio of voltage to current at any point along a transmission line is fixed by the characteristics of the line.

This is the characteristic impedance of the line, given in terms of its per-length
resistance, inductance, conductance, and capacitance.

; V& |R+jwl
°IF |G+ jwC

Note that, if the line is lossless, this becomes:

Z, =+L/C

Note that the characteristic impedance of a lossless line is purely real.

The characteristic impedance is the ratio of forward voltage to forward current. The
same derivation may be performed in terms of the backward voltage and backward

current, to show:

o

_ forward voltage

P R+ jwL
|G+ jwC  forward current

backward voltage

T backward current

Note the negative sign of the backward terms
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Wave Properties

Let us pause here to summarize the wave properties we’ve encountered so far...

Angular Frequency: w = 2nf

Complex Propagation Constant: Yy = \/RG + jw(LG + RC) — w?LC = a + jpB
Attenuation Constant: a = Re{y}

T
Lossless Propagation Constant: 8 = Im{y} = T

R+ jwL
G+ jwC

Characteristic Impedance: Z, =
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Wave Properties

Let us pause here to summarize the wave properties we’ve encountered so far...

Period: T =1/f =time in seconds between two peaks of a wave at a given location

in space T
,\/\/ t

Wavelength: A = distance in meters between two peaks of a wave at a given
instant in time N



Wave Properties

Additionally, let us define group and phase velocity.

w
Phase velocity: Vpn = B

= velocity of the phase front of the wave

this peak moves along z with velocity v,

AVAVins

ow

Group Vg =35  (this definition holds for narrowband signals)

velocity:
= velocity of the envelope of the wave

the envelope peak (dashed red) moves along z with velocity v,

[
o
LY
J »
L
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Wave Properties
Additionally, let us define group and phase velocity.

Phase velocity: | v,, = —

B

= velocity of the phase front of the wave

this peak moves along z with velocity v,

AV

Note that in a lossy medium, the phase velocity is a function of frequency. This leads to
dispersion, where a wave packet containing a range of frequencies (such as a square wave) input
at one end will lose its shape over the length of the line, as the various frequencies travel at

different rates.

In a lossless medium (R=G=0), the frequency-dependence disappears, and we are left with:
1
Vph = —

VLC
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Wave Properties
Additionally, let us define group and phase velocity.

. ow
Group velocity:| v, = 5p  (this definition holds for narrowband signals)

= velocity of the envelope of the wave

the envelope peak (dashed red) moves along z with velocity v,

11 A

Note that if the wave consists of a single frequency, the group and phase velocities are equal.
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Energy Transfer to Load

Let us look at what happens when a lossless transmission line is used to drive a load at locationz = ¢

electrically long
transmission line

At the load end, the ratio of total voltage to total current must conform to Ohm’s Law
, VL _V®) _ Ve Pt 4 vy etIbt
L7, T I(0) e Bt 4 I etiBt

On the line, the total voltage and total voltage consist of forward traveling and
backward traveling components, which are related by:
A Vo

G

Zo
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Energy Transfer to Load

Let us look at what happens when a lossless transmission line is used to drive a
load at location z = ¢

, VL _V®) _ Ve P 4 Vg etIbt AN/
L7, T I(0) T 1Te Bt 4 I etiBt

These two relationships may be rearranged to show that:

V-  Ze Bt — 7 e7IBY

ot Z,etiBt 4 7 etiBt

And we can arbitrarily assign z = £ = 0 as the zero location for the z-axis. This
leads to the following definition of the reflection coefficient:
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Reflection Coefficient

What does the reflection coefficient mean?

If a transmission line is driven with input voltage V,*, the signal will travel down the line to the load. Once it
reaches the load, there are two possible routes it may follow. The signal may flow into the load, or it may

reflect back toward the source. The reflection coefficient gives the ratio of the reflected voltage to the input
voltage.
Consider three special cases.

1) Z;, = Z, Thes the perfect match scenario. In this case, I' = 0. All the signal flows
into the load.

2) Z; —» o The is the open circuit scenario. In this case, I' = 1. All the signal reflects
back toward the source.

3)Z; = The is the short circuit scenario. In this case, I' = —1. All the signal
reflects back toward the source, with a phase shift of 180°.
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Reflection Coefficient

F_Vo__ZL_Zo
7.+ Z,

Note: On a lossless line, the characteristic impedance is positive and purely real. If
the load is passive (Re{Z;} = 0), then the magnitude of the reflection coefficient
is between zero and one (0 < |T'| < 1)

We will define the standing wave ratio (SWR) on the line as:

1+ T
1—|T]

SWR =

and the return loss (RL) as:

RL — —2010g10|r| ,dB

Note that I', SWR, and RL are all various expressions of reflection.
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Reflections on a Transmission Line

Reflections on a transmission line are caused by impedance discontinuities

Consider:

F_VO__ZL_ZO
ot Z,+ Z,

The reflection is nonzero whenever Z; # Z,. In general, a greater difference
between the line and load impedances (a greater mismatch), will result in a
greater percentage of the signal being reflected back toward the source.
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Input Impedance

Input impedance is the impedance (ratio of total voltage to total current) seen at the input to a system.

Consider the impedance seen at the input port of this system:

z=—1 z=0
I I
—
* Iir'|
\/in ZD ZL
P
zir‘n.I > Z

where the variables are defined by:

Vi, = V(=) = total voltage seen at the port
I;, = 1(—¥) = total current seen at the port

Ziy = Z(—?%) = input impedance of the port = Vi"/l_
mn
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Input Impedance

Input impedance is the impedance (ratio of total voltage to total current) seen at the input to a system.

Note that we also have the following relationships: Vv, Z,—12,
L= =7, 42z
Vin = V(=8) = VeV + Ve Y = V(e + Te*rt) °© ThTo
/A Voo /AN
Ii, = 1(—%) = 7 etvt — 7€ vt = 7 (e77t —Tetr?)
so that: 7. —7
_ +yf L o ,—yt
- Zo(e+”"+l“e y{’) - Z, (e +ZL _I_Zoe )

7. = =
R GRS (T 7
Z;,+7,

which simplifies to:

. Z; + jZ,tan(B¥)
T 7o+ jZ tan(BY)

This is the input impedance — the impedance seen at the input to a line with
characteristic impedance Z,, if the line is terminated with load impedance Z;.
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Input Impedance

Input impedance is the impedance (ratio of total voltage to total current) seen at the input to a system.

The significance of 7= —p 72=0
the input impedance | |
is that this circuit: ]
Zo \/in ZO ZL
F- 2
zir'n ! I-in I-L
is equivalent to this circuit: Everything to the right of the
z=—t input point may be replaced by
‘_l Z;n Without affecting the left side
of the circuit.
Zo Z, It should also be noted that, for a
J lossless transmission line,
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Input Impedance

Input impedance is the impedance (ratio of total voltage to total current) seen at the input to a system.

Let us look at two special cases: Recall
Lin =12

Z; + jZ,tan(B?¥)
“Z,+ jZ;tan(B¥)

Case 1: short circuit termination (Z; = 0)

In this case,

Zinse = jZ.tan(B8) = jZ.tan (27¢/,)

Notes:
10 A T . .
1) When £ = " pt = > and a short circuit

5} : (Z, = 0) looks like an open circuit
< (Zin = )
Sé‘s 0 2) The input imped;nce (Zin) is inductiv; for )
Jas)
= 0<¢< " and capacitive forz <?¢< "

3) The input impedance repeats every%
10

- iy : Ky w A’
& gg & (Zin(z) = Zin (Z + 5))
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Input Impedance

Input impedance is the impedance (ratio of total voltage to total current) seen at the input to a system

Let us look at two special cases:

Recall

7 =7 Z; + jZ,tan(B?)
Case 2: open circuit termination (Z; = o0) in —
In this case,

"Z,+ jZ tan(B¥)

Zinoc = —jZ, cot(B¥) = —jZ,cot (an/l)

Notes:

1) When £ = %, Bt = g, and an open circuit

cot(34)

(Z, = o) looks like an open circuit
(Zin, = 0)

2) The input impedance (Z;,,) is capacitive for

0<¢< " and inductive for% <{<

NP

3) The input impedance repeats every >



Quarter-wave Transformers

Power transfer to the load may be improved through addition of a “matching network” between the line and the load.

Consider this circuit: a load impedance of Z; is being driven using a line with impedance Z..

In the most general case, Z; # Z,, and a portion of the
5 |:| . signal reflects, according to:
|—> I Z; — 7,
Il-‘ tn ZL + Zo

To reduce the reflection, an engineer may choose to add a matching network.
One such network is a quarter-wave transformer, which adds an extra quarter-wave-long section of
transmission line before the load, like this:

: A4 i

Here, if the added section has characteristic

7 7 5 Q impedance Z; = /Z,Z,, then the input
o] ) .
I-I

impedance at the port becomes Z;,, = Z,,
|_> which eliminates the reflection (I3, = 0)!

'7 T

in

Z
***Note: for this to work, Z; must be purely real.
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Impedance Discontinuities

Reflections are caused by impedance discontinuities.

So far, we have discussed impedance discontinuities arising from a terminating
load impedance that differs from the line impedance.

L.

Z, Z, * Z,

Reflections will also occur at line impedance discontinuities, as shown in the
circuit below, where the line impedance value changes from Z; to Z,.




Impedance Discontinuities

Reflections are caused by impedance discontinuities.

If a wave is input from port 1, at the left (V/;7), it will experience an instantaneous
reflection at the discontinuity. The reflected wave (V") will have a magnitude of I V",

where: Z, — 7,
[ =———
Z,+ 74

A portion of the wave will also be transmitted into the Z, line, with voltage magnitude
calculated using the transmission coefficient 7, as 7,V;", where:

T1=1+F1

W\N:_' \NANANANT Vo =T1V1+
Ol . O

***Notice that the sum of the reflected and transmitted voltage magnitudes is not equal to the input voltage magnitude. This is because it is power that is
conserved, not voltage.
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Impedance Discontinuities

Reflections are caused by impedance discontinuities.

Similarly, if a wave is input from the right (V,'), it will experience an instantaneous reflection
at the discontinuity. The reflected wave (V") will have a magnitude of I, V", where:

Z, — 7,
[,=——°
7, + 7,

A portion of the wave will also be transmitted into the Z; line, with voltage magnitude calculated
using the transmission coefficient 7,, as 7, V5", where:

T2:1+F2

—\V/VVW
A
O 2 %@

Vl_ — Tz V2+ VA WAWAWA ﬁ\/\/\/\/\ —_— VZ_ —_ FZ V2+

I

***Notice that the sum of the reflected and transmitted voltage magnitudes is not equal to the input voltage magnitude. This is because it is power that is
conserved, not voltage.
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Notational Convention

In naming these variables, we are using the following conventions:
In naming these variables, we are using the following conventions:

V2+\

The superscript on the voltage terms indicates the direction that the voltage wave is traveling.
V4 + indicates voltage entering the system (input voltage)
2 - indicates voltage exiting the system (output voltage)

+
V1<—— The subscript on the input voltage terms indicates the entry location of the wave.
V+ 1 indicates entry at port 1

2 2 indicates entry at port 2

V1</ The subscript on the output voltage terms indicates the exit location of the wave.
V/ 1 indicates exit at port 1
2 2 indicates exit at port 2

1 corresponds to a coefficient looking in from port 1

F1<7 The subscript on the coefficients indicates their perspective.
2 corresponds to a coefficient looking in from port 2

T2

Note that perspective of a coefficient matters! Case in point:

Fl —_ _FZ
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S-parameters

S-parameters are a way of externally characterizing a system by analyzing the
transmissions and reflections of voltage signals at its ports.

Consider the following 2-port network:

(1) za Zo  (2)

Notes:

A “port” is a location where energy (V, 1) may enter and exit the system.
* An N-port network has N ports (in this case, two).

e Each port has its own characteristic impedance.

* The network may be driven at either of the two ports.

* Each driven signal may experience reflection (back out its entry port) and/or
transmission to the other port.
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S-parameters

S-parameters are a way of externally characterizing a system by analyzing the transmissions and reflections of voltage

signals at its ports.
This is the complete set of signal path possibilities, including input at either port.

+
Vl — 4_V2+
(1) Za Zo  (2)
Vi1 > Va2
Viz — V3

Here, we must include an extra specifier in our nomenclature. Note that the total
voltage output at port 1 includes the reflected component of V;*, which we have
named V7, and also the transmitted component of V/;", which we have named V5.

Similar conventions were followed for port 2. Thus,

_ For variables having two subscripts, the first subscript indicates the exit
V11 < port of the energy (in this case, port 1) and the second subscript

V1_2 / indicates the entry port of the energy.

Y \nsYs



S-parameters

S-parameters are a way of externally characterizing a system by analyzing the transmissions and reflections of voltage
signals at its ports.

In order to analyze the system, we must be able to parse out how much of the output voltage is due to reflection, and
how much is due to transmission. To do this, we conduct N measurements. For each measurement, we will drive at a
single port, and match-terminate (load with its own characteristic impedance) all other ports.

Measurement 1: V+
1 —
@ Zo1 Zo2 Zo2 @
V_ <
11 —
— Vi
Measurement 2: +
«—V2
@ ZOl Zol Zoz @
> |/ -
— 22
V12 D
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S-parameters

S-parameters are a way of externally characterizing a system by analyzing the
transmissions and reflections of voltage signals at its ports.

V1+ —

®

— —
Vll

Vig ~—
Please note the following:
* For accurate measurements, the input at all non-driven ports must be zero.

* If the non-driven port were not match-terminated, the signal exiting that port would
be partially reflected at the load, and this reflected signal would re-enter the system,

appearing as an input at that port.
* Match-termination ensures that all the signal exiting the passive port is absorbed by

the load, and none reflects back into the circuit.

Y \nsYs
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S-parameters

S-parameters are a way of externally characterizing a system by analyzing the
transmissions and reflections of voltage signals at its ports.

For an N-port network, the S-parameters will be represented by an N X N matrix.
As an example, a 2-port network will have the following S-parameters, or
scattering-matrix:

Sll 512]
S| =
S1=1s,, s,

These parameters are interpreted as follows:

S;, = reflection at port 1 = V7 /V;

S,, = transmission to port 1 from port 2 = V5 /V,
S5, = transmission to port 2 from port 1 =V, /V;"

S,, = reflection at port 2 = V., /V5
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S-parameters

S-parameters are a way of externally characterizing a system by analyzing the transmissions and reflections of voltage

signals at its ports.

In general,
& . . VZoj Vio
\Z.j Voltage coming out at port i OR Sij = \/_ v
o 0 o o Zol ] + .
vV Zoj VOltage OURG) U C [OHT input at all other ports=0 Vi=0k#j

Note that, if the ports have the same characteristic impedance (Z.; = Z,,; for all values of i and j), this simplifies to:

J v =0k#]

Moving forward, we will assume that all systems have equal characteristic impedance at all ports
(Z.j = Z,; for all values of i and j). In reality, this is usually (but not always) the case. If you ever need to deal
with mismatched port impedances, scale all voltages at each port by the characteristic impedance at that port.
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S-parameters

S-parameters are a way of externally characterizing a system by analyzing the transmissions and reflections of voltage
signals at its ports.

Applying this to a 2-port network returns the following: 78
Sij — V_
j _ :
Vl_ Vl_ Vi=0,k#j
S11 = vr S12 = v
1 lvi=0 2 lyt=o0
Vy Vo
Sy1 = F Sz = F
1 Ivi=0 2 lyt=0

So that the total voltage coming out each port is given by:

- _yt + — +
Vi =V"511 + V7 512 or Vl_] _ [511 512] Vi
VZ_ = V1+521 + V2+522 VZ 521 Szz V2+
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S-parameters: Losslessness

S-parameters are a way of externally characterizing a system by analyzing the transmissions and reflections of voltage

signals at its ports.
Consider the following:

V+_,
' —_— _‘—V2+
O =z % (2)
Vi =Vi'S11 + V5 S, Vo =V Sy + V5 Sy,
If this network is lossless:
[ViF12 = [So1 Vi 1% + SV |2 1=[S,11% + 151112

>
|Vz+|2 — |512Vz+|2 + |522Vz+|2 1= |512|2 + |522|2

= {V:1|Sl-j| = 1, for all values of j.

In a lossless system, the sum of all squared magnitudes of the elements in each column of the S-matrix is equal to one.
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